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Abstract
We apply the Grassmannian representation of the dimer model, an equivalent approach to
Kasteleyn’s solution to the close-packed dimer problem, to calculate the connection probabilities
for the double-dimer model with wired/free/wired/free boundary conditions, on a rectangular
subdomain of the square lattice with four marked boundary points at the corners. Using some
series identities related to Schwarz-Christoffel transformations, we show that the continuum of the
result is consistent with the corresponding one in the upper half-plane (previously obtained by
Kenyon-Wilson), which is in turn identical to the connection probabilities for 4SLE4 emanating
from the boundary, or equivalently, to a conditioned version of CLE4 with wired/free/wired/free
boundary conditions in the context of conformal loop ensembles.
1 Introduction
Many two-dimensional critical lattice models exhibit interfaces in their configurations, whose behavior
is highly informative hence desirable. The Schramm-Loewner evolution (SLE) is a mathematical theory
developed around such motivation and proved to be so successful that it has become an indispensable
companion to two-dimensional critical phenomena.
SLEκ is a one-parameter family of stochastic processes, generated through Loewner equation driven
by a Brownian motion with positive diffusivity κ, and characterized by conformal invariance and the
domain Markov property [1, 2, 3, 4]. It is almost surely depicted by a continuous transient path in the
chordal case [5]; a discrete version of this path is ”essentially” arised by imposing Dobrushin boundary
conditions in a two-dimensional critical lattice model on simply connected domains. The latter sitution
can be realized as one open (boundary to boundary) interface, among possibly many closed interfaces,
and in very large scales (or for very fine lattices) one can focus on that single interface to extract
information from the system via SLE tools. This leads naturally to a geometric interpretation of the
critical phenomena in the sense that the critical behavior can be translated to macroscopic geometrical
properties of configurations. There is a long list of critical discrete models that SLE is believed (or
further proved) to serve as their scaling limit; the loop-erased random walks (κ = 2), self-avoiding
walks (κ = 83 ), Ising (κ = 3), dimer (κ = 4), and FK-Ising (κ =
16
3 ) models, percolation (κ = 6),
uniform spanning trees (κ = 8), and also families of Q-state Potts (κ = 4pi
arccos(−√Q/2) ) and O(n)
(κ = 4pi2pi−arccos(−n/2) for dilute phase and κ =
4pi
arccos(−n/2) for dense phase) models are all included, and
any such list will not be exhaustive. The spectrum of critical exponents as well as many observables
can then be calculated thanks to this insight, and even novel features of criticality show up in this way.
However, once we ask about one chordal path, the question of multiple paths is almost inevitable. From
one point of view, we can consider the problem as following: 2m points are marked on the boundary of a
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simply connected domain, and joined by m curves. There will be Cm =
1
m+1
(
2m
m
)
number of planar link
patterns. Considering this setup as a random system, what probability measures are likely to set the
situation identical to the corresponding one in the scaling limit of a two-dimensional critical statistical
mechanics model? For this to happen, a priori we infer that the paths have to close simultaneously
in this scenario and no growth path would be swallowed by the region split from the whole by any
other path in the pattern. For m = 2 for example, the problem is encoded by κ and a drift term – a
function of the cross-ratio of the four boundary points – manifesting interaction. This is the case we
are interested in. Moreover, the case of single interface can be included (m = 1), but with treating both
end points of the path symmetrically so that two SLE processes are interacting with each other. On
the other hand, a primary inspiration in multiple SLEs problem may be the prediction of the relation
between SLE and Dyson’s Brownian motion [6].
There have been two main approaches to construct multichordal SLEs: the local approach, which
is the canonical view of SLE as a growth process, and the global approach or the configurational
measure, which focuses on compatible conformally covariant partition functions indexed by (planar)
connectivity patterns. For the former, the components are short time scales independence and drift
terms responsible for interactions. These lead to commutation relations for multiple SLEs. The drift
terms have explicit relations to some positive smooth functions called partition functions, and are fixed
by conformal invariance and martingale property [7, 8]. Identically in the latter, the partition functions
determine the Radon-Nikodym derivative (quantifying the absolute continuity) of global multiple SLE
measures with respect to the product measures of independent SLEs, in terms of the conformally
invariant Brownian loop measure [9]. If exist at all, they are expected to be the continuum version of
normalized partition functions of related lattice models. Explicit formulas for pure partition functions,
i.e. the normalized partition functions of each link pattern, are available in two cases of κ = 2 [10] and
κ = 4 [11]. At least in the case of simple paths (κ ≤ 41), both approaches give rise to the same unique
notion of multiple SLEs.
Not surprisingly, the corresponding transitions of single SLE path from simple (0 < κ ≤ 4) to
non-simple (4 < κ < 8), and then space-filling (κ ≥ 8) somehow hold in multiple cases and for the
same intervals, SLE paths are almost surely simple without touching, non-simple with touching, and
again space-filling, respectively. However, we should emphasize that the concept of uniqueness is more
delicate in multiple cases and fails for κ ≥ 8 [11].
There is a notable connection between SLE and Conformal Field Theory (CFT) made by the loop
O(n) models – the loop ensemble interpretation of many statistical mechanics models – believed to be,
for a certain range of parameter n and at criticality, in correspondence with minimal series in CFT.
Loop models is a major context in critical phenomena, also related to the mathematical theory of
Conformal Loop Ensembles (CLE), a one-parameter family of countably infinite non-crossing loops,
the only random loop ensemble which satisfies the conformal restriction property. It is the natural
candidate for the full scaling limits of SLE-host models with the same parameter κ, defined in the
range κ ∈ ( 83 , 8], and explored by keeping track of branches of SLEκ(κ−6) processes [12, 13, 14]. Loop
models are in turn directly related to CFT through the Coulomb gas approach [15], which makes a
certain relation between n and the stiffness of a random surface model. In a particular case, each
conguration of randomly oriented loops maps onto an instance of a height function, which gives a c = 1
conformal field theory. The level lines of this height model with certain boundary data are identical to
SLE and CLE with κ = 4. This is the free bosonic field, mathematically known as the Gaussian Free
Field (GFF) [16, 17], a very common object prevailing in various aspects of physics and mathematics,
considered as the two-dimensional analog of the Brownian motion. The level lines of GFF is the scaling
limit of the level sets of a discrete height function, which is in bijection to the dimer model on the
bipartite dual lattice [18, 19]. They are also conjectured to be the scaling limit of the double-dimer
loop ensembles [20, 21, 22].
In the language of CFT, the above-mentioned interfaces are non-local objects; one may use non-
unitary representations, arised from the boundary scaling exponent h1,2 of the Kac table, to predict
the asymptotic behavior of associated correlations [23]. Furthermore, some conformal field theory
arguments show that by some probabilistic presumptions, taken for granted, one can characterize
multiple SLE growth processes, and so the scaling limit of likely related statistical mechanics models.
1However there is a possibility of extending the result to κ ∈ (4, 6], due to the relation to discrete models [9]
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This has been already done for the Ising model and percolation [7]. Indeed, the multiple interfaces of
the Ising and/or FK-Ising models have been the subject of many mathematical works [24, 25, 26, 9, 27].
Still in analogy, the literature on multiple iterfaces is not as vast as that on single interface. One reason
may be due to higher mathematical complexity; conformal invariance and the domain Markov property
are not enough to characterize these interacting interfaces, and some extra properties such as boundary
perturbation, and a cascade relation to express the marginal law of one path in a global setting, are
have to be known to identify these sets of chordal paths [28, 11].
In the case of κ = 4, multichordal interfaces are expected to be multiple level lines of the Gaussian
free field with certain alternating boundary data (the connection probabilities were shown to be the
same in both cases). In this special case, the marginal law of one curve considered globally is a
symmetric SLE4(ρ) process, in contrast to other values of κ where the marginal laws of individual curves
are more general variants of chordal SLEκ. For a certain height λ and boundary data λ\−λ\λ\−λ in
GFF setting, given one path, another is the level line of GFF on the remaining domain with Dobrushin
boundary data. So the conditional law of one path given another is the chordal SLE4 in either case.
For global multichordal SLEs, the space of configurations is partitioned to some topologically in-
equivalent arch configurations. An important family of observables associated to this picture is the
set of crossing or connection probabilities, (may conjecturally) related to conformally invariant scaling
limit of corresponding observables in a critical statistical mechanics model, including Cardy’s formula2
as the most influential representative [29, 30]. Pure partition functions are central objects in this re-
spect. These observables have been studied in several works [23, 7, 31, 32, 25, 11, 33] for some discrete
models and/or multiple SLEs, and also in CLE background [34].
In the example of four boundary points, or equivalently local 4SLEκ, there are only two (planar)
connectivity patterns. When considered in the context of conformal loop ensembles, each SLE path can
be viewed as a path going to complete a loop, part of it already explored, i.e. a wired/free/wired/free
boundary conditions (Figure 1). By Dube´dat’s commutation relations [8, 7] it turns out that the
hook-up probability – the probability that those wired arcs belong to the same loop – in a rectangular
domain [0, L]× [0, 1] with vertical sides wired, should be of the following form
Yκ(L)
Yκ(L) + θκYκ(1/L)
(1)
for an explicit function Yκ(L) and some value θκ [34, 8]. A genuine computation (without referring
to the conjectural relations to discrete models) of this probability for CLEκ in conformal squares,
κ ∈ ( 83 , 8), has been done, which gives θκ = −2 cos(4pi/κ), that is equal to the parameter n of the
related O(n) model. This further supports these conjectural relations predicted by the Coulomb gas
methods. There is also a relation 2κ +
2
κ˜ = 1, uncorrelated with the celebrated duality relation of SLE
κκ′ = 16, which relates κ ∈ ( 83 , 4) and κ˜ ∈ (4, 8) with the same connection probabilities [34]. In a
lattice model, such as the double-dimer model, the above setup can be considered as wiring two outer
arcs of the boundary by dimers, which alternately belong to one of the contributing dimer models.
Connection probabilities are defined then. From now on, we will concern ourselves with this problem.
Computing some loop-related quantities, one can do identification between (proved or expected)
scaling limits of discrete models and the parameter κ of SLE/CLE. Here we want to compute an
observable, expected to be in close relation to 4SLEκ (κ = 4) processes, the hook-up probability for
the double-dimer model, taking advantage of the Grassmannian representation of the dimer model,
the same tool and very similar approach that we employed in the previous work [35] to compute some
loop-based observables in the double-dimer model. After a very brief review on the dimer and the
double-dimer models, we introduce the Grassmannian representation of the dimer model, an effective
method we exploit to compute symmetric and pure partition functions of the double-dimer model on
a rectangular domain of the square lattice with four marked points (monomers) on the corners. We
then obtain their asymptotic behavior in the continuum, where, with the aid of some series identities
related to complete elliptic integrals, we show that the connection probabilities are consistent with
the known results in the upper half-plane. This supports the strong, yet unproven, prediction of the
relation between the double-dimer loop ensembles and the level lines of the Gaussian free field and
2This is in fact the only connection probability explicitly known for percolation.
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Figure 1: A sketch of two connectivity patterns with wired/free/wired/free boundary conditions.
conformal loop ensembles with κ = 4. As almost always, the notion of bipartite lattice is crucial in
solutions.
There are some link patterns in the general case of 2m marked boundary points, the so-called
rainbow link patterns or self-surrounding arch configurations, where each next arch encloses the pre-
vious one. These link patterns are particularly interesting because the conformal blocks and the pure
partition functions are equal in these cases, the condition which does not hold in general [7, 11]. The
approach we follow is also quite straightforward in the case of these patterns in the double-dimer model.
We will comment on this at the end of section 3.
In [31] and [32] formulas for connection probabilities of some discrete models, including the double-
dimer model, were derived which cover the special case of four boundary points. However, although this
case has already been obtained rigorously in the upper half-plane, we think our primarily Grassmannian
approach is interesting by itself and the result obtained here is still beneficial because explicit formulas
for Jacobi elliptic functions (inverse Schwarz-Christoffel transformations) are not available in general,
and they are computed only through complicated numerical methods.
To be self-contained while not interrupting the main discussion, two short appendices, one on some
formulas related to complete elliptic integrals and the other on some series identities, have been added.
2 Preliminaries
In this section, we introduce the dimer model and its Grassmannian representation, the powerful tool
that we use to compute a loop-related observable in the double-dimer model. The approach is very
much like one in [35]; the reader may consult this paper as well as the original reference [36], to see the
derivation of identities brought here and on Grassmannian analysis of the close-packed dimer model.
Given a connected simple planar graph, a dimer covering or perfect matching of the graph is a
collection of edges of the graph such that every vertex is visited exactly once. One can consider
fugacities for these edges, or rather dimers, so the weight of each dimer configuration is defined as the
multiplication of fugacities of contributing edges, and the partition function is then the sum of all these
weights on all dimer configurations [37].
The two-dimensional dimer model is an exactly solvable model, playing an important role in many
areas of interest including statistical mechanics, condensed matter physics, combinatorics, random
matrix theory, partition theory, and many more. It was primarily proposed to simulate the adsorption
of diatomic molecules on two-dimensional surfaces [38], but did not gain much attention from empirical
studies, as in its close-packed case it is too abstract, yet solvable. It is commonly known in mathematics
as perfect matchings, drawing on combinatorial methods, even implicitly, in solving dimer problems.
The original solution of the close-packed dimer model goes back to the early ’60s, and was given by
Kasteleyn [39], and independently by Temperley and Fisher [40]. It is in fact the Pfaffian (the square
root of the determinant) of a signed adjacency matrix, called the Kasteleyn matrix.
The first question about the dimer model is, how many dimer configurations exist for a given graph?
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This number is equal to the partition function of the dimer model with trivial fugacities 1, which is
the uniform dimer model.
In general, some monomers can be present in the model, making the model more realistic but
intractable analytically. Nevertheless, there are rare cases, particularly when monomers only exist on
the boundary, that the problem submits itself to an exact solution. This particular case pertains to
our discussion in the sequel.
The practical use of the dimer model may mainly be made through its close relation to other
statistical mechanics models, offering new insight and effective methods in dealing with other models
such as the Ising model, vertex models and spanning trees [41, 42, 43]. The fermionic nature of the
dimer model is in the heart of most of these relations and further supplies connections to determinants
and combinatorial methods to tackle some tough models to analyze [44].
The dimer model on bipartite lattices is of especial significance because of the notion of height
functions and rough random surfaces, where the Gaussian free field comes into play establishing the
relation between the scaling limit of level sets of the dimer height function and conformal loop ensembles
with κ = 4 [18, 19].
An alternative (but similar in spirit) way to give a loop-description of dimer configurations [20] is to
put two dimer configurations on each other. Other than some individual (double) dimers, there will be
a collection of simple loops, each of which is made in two ways. So the weight of each uniform double-
dimer configuration, i.e. where both contributing dimer models are uniform, is then proportional to
2l, where l is the number of (non-zero area) double-dimer loops in the configuration. Here, there is no
interaction; we are only interested in the geometric picture. The partition function is then the product
of the partition functions of the two contributing dimer models. Typically we are interested in the
statistics of very long loops in very large lattices, that is to say macroscopic loops in the (approximate)
continuum of the model. Several remarkable related results have been found so far [20, 21, 22].
There are various solutions to the dimer problem based on combinatorial analyses and transfer
matrix methods. Grassmann techniques are also helpfully available [45, 36], thanks to the fermionic
features of the dimer model substantiated in its tight relation to the Ising model [41, 42]. Generally
these anti-commuting variable analyses of the problems have the advantage of being concise and more to
the point, and avoid lengthy solutions because of making direct connection to determinantal arguments.
We will make use of these opportunities in our work.
For a square sublattice of size M × N , M and/or N even, the partition function of the uniform
dimer model can be written as
Q0 =
∫ N∏
n=1
M∏
m=1
dηm,n(1 + ηm,nηm+1,n)(1 + ηm,nηm,n+1) (2)
with the free boundary conditions: ηM+1,n = ηm,N+1 = 0, where ηm,n are commuting nilpotent
variables attached to every site, satisfying η2m,n = 0,
∫
dηm,nηm,n = 1 and
∫
dηm,n = 0, to ensure
that each site is met by a dimer exactly once. The zero index indicates the close-packed dimer model
without any defect (monomer) in the system. The representation (2) is equivalent to the hafnian of
the adjacency matrix of the underlying graph (here the square lattice).
A huge step forward in making the problem tractable is to relate the representation (2) to a fermionic
(Grassmannian) form, i.e. a determinant. This corresponds to Kasteleyn’s combinatorial solution to
the close-packed dimer problem; one can introduce an appropriate orientation in a planar lattice,
such that the partition function of the dimer model is equivalent to a Pfaffian. Thanks to the mirror
symmetry available in two dimensions [36], one can bring together all variables with the same indices
to integrate, and eventually replace the commuting nilpotent variables {ηm,n} with anti-commuting
ones {cm,n}, so (2) becomes
Q0 =
∫ N∏
n=1
M∏
m=1
m−−−→
dcm,n exp
{
M∑
m=1
N∑
n=1
[cm+1,ncm,n + (−1)m+1cm,n+1cm,n]
}
(3)
along with the fermionic action S0 of the close-packed dimer model
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Figure 2: An instance of admissible transformed dimer configuration on coupled Fourier modes q and
−q, for a square lattice with M = 12. Each cross-form has weight 1, and each vertical bond has weight
2 cos piqN+1 .
Figure 3: The line indicating the Fourier mode q = N+12 . Each horizontal bond has weight 1.
−S0 =
M∑
m=1
N∑
n=1
[cm+1,ncm,n + (−1)m+1cm,n+1cm,n] (4)
The Gaussian representation (3) is homogeneous enough to be computed. We do Fourier transfor-
mation only in one direction, which for our purposes gives rise to more suitable results
cm,n =
√
2
N + 1
in
N∑
q=1
cm,q sin
piqn
N + 1
. (5)
We should be careful about the signs of the terms with respect to each other in partition functions
expansions, otherwise only the overall absolute value is significant. Using (5), the action (4) becomes
−S0 =
M∑
m=1
N∑
q=1
[−cm+1,qcm,−q − i(−1)m+1 cos piq
N + 1
cm,qcm,−q] (6)
implies decoupling of lattice connections to some strips coupling two Fourier modes q and −q ≡ N+1−q
(Figure 2) with the weights 1 and 2 cos piqN+1 for every cross-form and vertical bond respectively, and a
line instead of one strip indicating the mode q = N+12 when N is odd (Figure 3), with the weight 1
for every horizontal bond. Now with the aid of some elementary combinatorics [35] we can compute
(3) which is
Q0 =
N
2∏
q=1
 M2∑
p=0
(
M − p
p
)
(2 cos
piq
N + 1
)M−2p
 (7)
for N even, and replacing the upper bound of the product by N−12 for N odd. This is in agreement
with the previously known result [39, 40]. The partition function of the uniform double-dimer model
is simply Z0 = Q20.
We can also write (7) in the following more concise form
Q0 =
N−1
2∏
q=1
[
(−1)M2 UM (ixq)
]
(N odd) (8)
where xq = cos(
piq
N+1 ), and UM (x) is the Chebyshev polynomial of the second kind (see Appendix B of
[35]).
In a similar way, we can compute the corresponding monomer-dimer partition function when there
are some monomers on the boundary. A simple situation relevant to the forthcoming section is when
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Figure 4: An instance of coupled Fourier modes q and −q with two monomers (in color) sticking to its
ends.
Figure 5: The Fourier mode q = N+12 with two monomers (in color) sticking to its ends.
there are two monomers on the opposite sides of the rectangle, for example at (1, n1) and (M,n2). If we
assume M is even, both n1 and n2 have to be of the same parity so that the associated monomer-dimer
partition function is non-zero. The presence of the monomers can be fulfilled by insertion of c1,n1cM,n2
in front of every term in the expansion of the partition function of the close-packed dimer model. After
doing Fourier transformation (5), this leads to one strip bearing two monomers at its ends (Figure 4),
others as before (Figure 2). In the case N is odd, there will be another possibility of two monomers
on q = N+12 line (Figure 5). The corresponding partition function turns out to be
Qn1,n2 =
2
N + 1
(−1)n1+n22 N−12∑
q=1
2
sin piqn1N+1 sin
piqn2
N+1
UM (q)
− 1
Q0 (9)
where Q0 is (8), UM (q) ≡ |UM (i cos piqN+1 )|, and the index n1, n2 shows the vertical indices of the
monomers. The next step is to use the partition function (9) in our setup for a conditioned version of
the double-dimer model with wired/free/wired/free boundary conditions on four sides of the rectangle
M ×N .
3 Connection probabilities
A key family of observables readily defined on global multichordal SLEs is the crossing or connection
probabilities for SLE paths emanating from some (even number) marked points on the boundary of
a simply connected planar domain. With the situation interpreted in loop ensemble setting, it is
comparable with the corresponding probabilities for discrete O(n) models, which implies that if such
a model has a conformally invariant scaling limit, this should be CLE with the appropriate κ.
In the case of four marked boundary points (so two connecting paths) there are only two possible
topological connectivities; we are going to derive the so-called hook-up probability in the correspnding
situation in the double-dimer model on a rectangle. An observable relevant to the simplest case of
single chordal SLE is the left-passage probability, which we computed for the double-dimer model on
a rectangle using very similar method to the present one [35].
The discrete setting. Suppose we insert two pairs of monomers on the corners of a rectangular
M × N -subdomain of the square lattice, each pair in one dimer model horizontally inline. In every
double-dimer configuration, there will be a pair of paths from one corner to another, yielding two
distinct arch-types [7], or two types of configurations (Figure 6): Type I and Type II, where each pair
joins two vertically and horizontally inline monomers, respectively. To realize both types, N should be
odd in this setting (so M is even).
We need to distinguish between these two types of configurations. Consider we swap the position
of right monomers in the dimer models, up to down and vice versa. This will cause desirable nonlocal
effects in double-dimer configurations. Type II configurations will disappear. Type I configurations
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Figure 6: A sketch of Type I (left) and Type II (right) double-dimer configurations. The monomers in
either dimer model are in the same color.
will nevertheless remain unchanged. This is because we can consistently identify the membership of
which dimer model, for each dimer contributed in those two paths, due to the bipartiteness of the
square lattice. Swapping the positions of monomers suppress any path joining two horizontally inline
monomers, while being only a flip in the ownership of dimers (to one dimer model or the other), along
any path joining two vertically inline monomers.
Let’s denote by ZI and ZII , and Z = ZI + ZII , the pure partition functions of Type I and Type
II, and the symmetric partition function of the double-dimer model respectively, all normalized by
the partition function of the uniform double-dimer model, in agreement with the terminology used for
multiple SLEs. By considering (9), once for n1 = n2 = 1 and n1 = n2 = N , and then n1 = 1, n2 = N
and n1 = N,n2 = 1, we obtain the following
Z =
 2
N + 1
N−12∑
q=1
2
sin2 piqN+1
UM (q)
+ 1
2 (10)
and
ZI =
 2
N + 1
(−1)N+12 N−12∑
q=1
2
sin2 piqN+1 (−1)q+1
UM (q)
− 1
2 (11)
where Z = Q1,1QN,N = Q21,1 and ZI = Q1,NQN,1 = Q21,N .
Indeed the above picture can be interpreted as a double-dimer model with alternating boundary
conditions wired/free/wired/free. Assuming wired (with dimers alternately belong to one dimer model
and the other) boundary conditions, for example on the remaining two boundary arcs of a rectangular
(M + 2)×N domain where the original M ×N rectangle is removed, each double-dimer path from one
monomer to another completes a loop, part of it already prescribed (Figure 7). The aforementioned
possibilities are: Type I configurations, where there are two separate loops, each meets two vertically
inline monomers, and Type II where all four monomers belong to the same loop. We call the pure
state of Type II the hook-up event in accordance with the terminology used in [34]. In the scaling
limit, this can be compared with a 4SLE event or an event associated with a conditioned version of
CLE3. Following this new interpretation, the new symmetric double-dimer partition function is
Zdd = 4ZI + 2(Z − ZI) (12)
where we have considered the additional contribuion of two loops in Type I configurations and likewise
3Defining a wired CLE may require more care and there are delicacies concerning boundary conditions in the dimer
model. However, that kind of methods like the one applied here is not suitable to deal with such issues.
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Figure 7: A schematic picture of Type II double-dimer configuration on a (M + 2) × N rectangle
with wired/free/wired/free boundary conditions. There are two double-dimer paths making one loop
(together with the wired boundary arcs), the so-called hook-up event. The monomers in either dimer
model are in the same color and in agreement with the ownership of dimers on the boundary.
one loop in Type II. So the hook-up probability becomes
P(Type II) =
2(Z − ZI)
Zdd
=
Z − ZI
Z + ZI (13)
The continuum limit. We want to know about the asymptotic behavior of (10) and (11),
mainly to find the scaling limit of the hook-up probability (13), for a [0, L]× [0, 1] rectangle
H(L) =
Z(L)− ZI(L)
Z(L) + ZI(L)
(14)
where by Z(L) we mean the scale invariant quantity Z(L) ≡ (MN)Z, and so on.
On the other hand, commutation relations for SLEκ [8] show that the corresponding probability
H(L) for CLE should be of the form (1), for an explicit function Yκ(L) and some value θκ, proved to
be equal to −2 cos(4pi/κ) [34]. This is the parameter n of the discrete O(n) model, which conjecturally
converges to CLEκ. This implies that for the double-dimer model (n = 2), which is expected to have
CLE4 as the scaling limit, the following should hold
Z(1/L)− ZI(1/L) = ZI(L)
= Y (1/L) (15)
where we have called Y (L) ≡ Z(L)− ZI(L), in harmony with (1).
Though by symmetry it has to happen that ZI(L) = Y (1/L), we show it explicitly to make sure of
self-consistency.
Again, the argument is quite similar to that in [35]. For very large M and N , one may note that
the concentration of (10) and (11) is on q-modes when cos piqN+1 ≈ 0. An expansion near pi2 leads to
UM (q) ≈ cosh(MN pik), for small kN+1 and large M , and q = N+12 −k. So (10) and (11) are asymptotically
Z(L) = 4L
( ∞∑
k=1
2
cosh(Lpik)
+ 1
)2
, (16)
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ZI(L) = 4L
( ∞∑
k=1
2(−1)k+1
cosh(Lpik)
− 1
)2
(17)
Now the explicit expression of Y (L) is
Y (L) = 4L
(∑
k
4
cosh(Lpi(2k − 1))
)(∑
k
4
cosh(Lpi(2k))
+ 2
)
(18)
First we rewrite (17) and (18) as
ZI(L) = 4L
∑
k1,k2
8(−1)k1+k2
cosh(Lpi(k1 + k2)) + cosh(Lpi(k1 − k2)) −
∑
k
4(−1)k+1
cosh(Lpik)
+ 1
 (19)
and
Y (L) = 4L
∑
k1,k2
32
cosh(Lpi(2(k1 + k2)− 1)) + cosh(Lpi(2(k1 − k2)− 1)) +
∑
k
8
cosh(Lpi(2k − 1))

(20)
Then we sum over ”k1 − k2” in the first summation, using the identities (35) and (36), so (19) and
(20) become
ZI(L) = 4L
( ∞∑
k=1
4(−1)kk
sinh(Lpik)
+
∞∑
k=1
4
1 + cosh(2Lpik)
+ 1
)
(21)
Y (L) = 4L
∞∑
k=1
8(2k − 1)
sinh(Lpi(2k − 1)) (22)
If we consider the following result of Cauchy’s residue theorem
pr.v.
∫ ∞
−∞
f(x)dx = 2pii
∑
Resf(z) + pii
∑
Resf(z) (23)
for the complex function f(z) = zsin(z) sinh(αz) , where the fist sum extends over all poles in the upper
half-plane and the second over all simple poles on the real axis, we obtain the following equality
∞∑
k=−∞
k(−1)k
sinh(αk)
+ 2
∞∑
k=1
k(−1)k
α2 sinh(k/α)
= 0 (24)
Using this and the identity (38), we come to the intended symmetry (15).
We now argue, via Schwarz-Christoffel transformations, that the upper half-plane version of (14)
is equal to what obtained previously in [31, 32], and is indeed identical to the corresponding known
results for multiple SLE4 or conditioned CLE4 in the upper half-plane with four marked points on
the real axis. Such evidence supports the prediction of CLE4 being the scaling limit of double-dimer
loop ensembles. First we note that the cross-ratio x of (∞, 0, 1− x, 1) in the upper half-plane and the
aspect-ratio L of the (conformal) rectangle (0, L)× (0, 1) are related by [34]
L =
F ( 12 ,
1
2 , 1; 1− k2)
2F ( 12 ,
1
2 , 1; k
2)
(25)
where x = ( 1−k1+k )
2, and F is the hypergeometric function 2F1. To express H(L) as a function of x, we
use a series identity (32), which relates Y (L) and complete elliptic integrals of the first kind K(k) (30)
Y (L) =
k21
pi2
K(k1)K
′(k1), k1 =
2
√
k
1 + k
(26)
Y (1/L) =
k22
pi2
K(k2)K
′(k2), k2 =
1− k
1 + k
(27)
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Here K(k1) is proportional (with proportionality constant
pi
2 ) to the hypergeometric function
2F1(
1
2 ,
1
2 , 1; k
2
1), and is in fact a conformal mapping from the upper half-plane to a rectangle with
aspect-ratio L and prevertices (− 1k1 ,−1, 1, 1k1 ). The functions in (27) can be rewritten in terms of k,
with the aid of (31)
Y (L) =
2k
pi2
K(k)K ′(k),
Y (1/L) =
(1− k)2
2pi2
K(k)K ′(k). (28)
Summing up all these, we arrive at the following expression for H(L) (14)
H(L) =
2k
1 + k2
=
1− x
1 + x
(29)
concerning the relation between k and x. The probability (29) is equal to the corresponding one
obtaind for CLE4 according to [7, 34].
A generalization of the above setup can be made to obtain the symmetric partition function in
the case of 2m marked points on the boundary, that is when there are Cm =
1
m+1
(
2m
m
)
number of
topologically inequivalent (planar) link patterns. In fact for every 2m marked boundary points, there
is an arrangement of ownership for monomers (to one dimer model or the other) at these points,
such that the partition function of the resultant double-dimer model gives the whole collection of
connection configurations. To cofirm this we can begin from an arbitrary adjacent pair and determine
their ownership in consistent with each other, by which we mean their ownership allows a double-
dimer path to connect them so that any related addmissible sub-pattern can be realized by this choice
of ownership. Then we determine the ownership of the next two immediate neighbors consistent
with them and with each other, and so on. At each time the problem is similar to a four boundary
points situation. In this way, the ownership of all monomers will be determined by induction. We
can see that such an arrangement is unique up to an overall flip in the ownership. Now assume we
alter the ownership in this setup for symmetric partition function, so that at each step of the above
procedure, the ownership of the next two neighbors is exchanged (between the two dimer models) or
remains unchanged, alternately. The only link pattern adapted to this new setting is the rainbow link
pattern, whose most internal pair (considered in the upper half-plane) is the pair at the first step in
the procedure. As such, the pure partition functions of rainbow link patterns (any cyclic permutation
of them) are immediate, which is the spacial case considered in [28] and also mentioned in [7] with
the terminology self-surrounding arches. For link patterns in general, all pure partition functions have
been found particularly for the double-dimer model [31, 32], which we will address in a forthcoming
paper.
Appendix A Some formulas related to complete elliptic inte-
grals
Schwarz-Christoffel transformations equip us with explicit formulas for conformal maps from the upper
half-plane to the interior of any polygon; their existence are already guaranteed by Riemann mapping
theorem. In the simplest cases, they boil down to elliptic integrals; for a rectangle with prevertices
(−a,−1, 1, a), the function f(z) = ∫ z
0
1√
(w2−1)(w2−a2)dw works, which transforms to
K(k) =
∫ 1
0
1√
(1− w2)(1− k2w2)dw (30)
that is the complete elliptic integral of the first kind with modulus k = 1a . As in the situation we
have studied the above reflection symmetry between prevertices does not hold, the following equality
11
is particularly useful [46]
K ′(k)
K(k)
= 2
K ′( 2
√
k
1+k )
K( 2
√
k
1+k )
=
1
2
K ′( 1−k
′
1+k′ )
K( 1−k′1+k′ )
(31)
where K ′(k) ≡ K(√1− k2).
There are some interesting series identities related to elliptic integrals. One we have used in section
3 is
∞∑
n=1
2n− 1
sinh(pi(2n− 1)ξ) =
k2
pi2
K2(k) (32)
which is directly obtained from two other identities (relations (5.3.4.2) and (5.3.4.3) in [47])
∞∑
n=1
n
sinh(pinξ)
=
K(k)
pi2
[K(k)− E(k)],
∞∑
n=1
(−1)n−1n
sinh(pinξ)
=
K(k)
pi2
[E(k)− (1− k2)K(k)]
where ξ ≡ ξ(k) = K′(k)K(k) , and E(k) is the complete elliptic integral of the second kind
E(k) =
∫ 1
0
√
1− k2w2
1− w2 dw. (33)
Appendix B Some series identities
There are many useful identities derived from the Poisson summation formula∑
n∈Z
f(n) =
∑
n∈Z
fˆ(n) (34)
where fˆ(ξ) =
∫∞
−∞ f(x)e
−2piixξdx is the Fourier transform of f . We have used a few of them
∞∑
n=−∞
1
cosh(α(2n− 1)) + cosh(αm) =
m
sinh(αm)
, (35)
∞∑
n=−∞
1
cosh(α(4n− 1)) + cosh(αm) =
1
2m
sinh(αm)
, (36)
where m is a non-zero integer. Both (35) and (36) can be seen as special cases of the following
∞∑
n=−∞
1
cosh(αn) + cosh(αm)
=
2m
sinh(αm)
, (37)
which was obtained in [35] (see its Appendix B).
For example to derive (36), consider the identity (34) for the function f(x) = 1cosh(α(4x−1))+cosh(αm) ,
which has the required conditions [48]. The RHS of (34) will be a sum on fˆ(ξ) = pi2α sinh(αm)
e
−ipiξ
2 sin(pim2 ξ)
sinh(pi
2
2α ξ)
,
whose contribution for either even or odd terms equals zero, except for ξ = 0, which is the RHS of
(36).
If we repeat the above calculation for f(x) = 1cosh(αn)+cosh(αm) , then fˆ(ξ) =
2pi
α sinh(αm)
sin(2pimξ)
sinh( 2pi
2
α ξ)
,
and by taking m→ 0, we come to another identity, which we used in section 3
∞∑
n=−∞
1
1 + cosh(αn)
=
∞∑
n=−∞
4npi2
α2 sinh( 2pi
2n
α )
(38)
12
References
[1] Schramm, O.: Scaling limits of loop-erased random walks and uniform spanning trees. Israel J.
Math. 118-221 (2000)
[2] Lawler, G.F., Schramm, O., Werner, W.: Conformal invariance of planar loop-erased random
walks and uniform spanning trees. Selected Works of Oded Schramm. Springer, New York, NY,
931-987 (2011)
[3] Werner, W.: Random planar curves and Schramm-Loewner evolutions. In Lectures on probability
theory and statistics, vol. 1840 of Lecture Notes in Math., Springer, Berlin, 107-195 (2004)
[4] Kager, W., Nienhuis, B.:A guide to stochastic Loewner evolution and its applications. J. Stat.
Phys. 115, 1149 (2004)
[5] Rohde, S., Schramm, O.: Basic properties of SLE. Ann. of Math., 161(2), 883924 (2005)
[6] Cardy, J.: Stochastic Loewner evolution and Dyson’s circular ensembles. Journal of Physics A:
Mathematical and General, 36(24), L379 (2003)
[7] Bauer, M., Bernard, D., Kytl, K.: Multiple SchrammLoewner evolutions and statistical mechanics
martingales. Journal of statistical physics, 120(5-6), 1125-1163 (2005)
[8] Dubdat, J.: Commutation relations for SchrammLoewner evolutions. Communications on Pure
and Applied Mathematics: A Journal Issued by the Courant Institute of Mathematical Sciences
60.12, 1792-1847 (2007)
[9] Beffara, V., Peltola, E., Wu, H.: On the uniqueness of global multiple SLEs. arXiv preprint
arXiv:1801.07699 (2018)
[10] Karrila, A., Kytl, K., Peltola, E.: Boundary correlations in planar LERW and UST. arXiv preprint
arXiv:1702.03261 (2017)
[11] Peltola, E., Wu, H.: Global and Local Multiple SLEs for κ ≤ 4 and Connection Probabilities for
Level Lines of GFF. Communications in Mathematical Physics 366.2, 469-536 (2019)
[12] Werner, W.: The conformally invariant measure on self-avoiding loops. J. Amer. Math. Soc. 21,
137-169 (2008)
[13] Sheffield, S.: Exploration trees and conformal loop ensembles. Duke Math. J. 147, 79-129 (2009)
[14] Sheffield, S., Werner, W.: Conformal loop ensembles: the Markovian characterization and the
loop-soup construction. Ann. Math. 176, 1827-1917 (2012)
[15] Nienhuis, B.: Coulomb gas formulation of two-dimensional phase transitions. in Phase transitions
and critical phenomena, 11, Domb, C., Lebowitz, J.L., eds. Academic (1987)
[16] Schramm, O., Sheffield, S.: Contour lines of the two-dimensional discrete gaussian free field. Acta
Math. 202(1), 21137 (2009)
[17] Sheffield, S.: Gaussian free fields for mathematicians. Probab. Theory Related Fields, 139(3-4),
521541 (2007)
[18] Kenyon, R.: Conformal invariance of domino tiling. Ann. Probab., 28(2), 759795 (2000)
[19] Kenyon, R.: Dominos and the Gaussian free field. Ann. Probab., 29(3), 11281137 (2001)
[20] Kenyon, R.: Conformal invariance of loops in the double-dimer model. Commun. Math. Phys.
326, 477497 (2014)
[21] Dubedat, J.: Double dimers, conformal loop ensembles and isomonodromic deformations. arXiv
preprint arXiv:1403.6076 (2014)
13
[22] Basok, M., Chelkak, D.: Tau-functions a´ la Dube´dat and probabilities of cylindrical events for
double-dimers and CLE (4). arXiv preprint arXiv:1809.00690 (2018)
[23] Arguin, L.P., Saint-Aubin, Y.: Non-unitary observables in the 2d critical Ising model. Physics
Letters B, 541(3-4), 384-389 (2002)
[24] Izyurov, K.: Critical Ising interfaces in multiply-connected domains. Probab. Theory Related
Fields, 167(1-2), 379415 (2017)
[25] Wu, H.: Hypergeometric SLE and convergence of critical planar Ising interface. arxiv preprint
arXiv:1703.02022 (2017)
[26] Kemppainen, A., Smirnov, S.: Configurations of FK Ising interfaces and hypergeometric SLE.
arXiv preprint arXiv:1704.02823 (2017)
[27] Peltola, E., Wu, H.: Crossing probabilities of multiple Ising interfaces. arXiv preprint
arXiv:1808.09438 (2018)
[28] Kozdron, M.J., Lawler, G.F.: The configurational measure on mutually avoiding SLE paths. Uni-
versality and renormalization. Proceedings of the workshops ”Percolation, SLE and related topics”
(2005)
[29] Cardy, J.L.: Critical percolation in finite geometries. Journal of Physics A: Mathematical and
General, 25(4), L201 (1992)
[30] Smirnov, S.: Critical percolation in the plane: conformal invariance, Cardy’s formula, scaling
limits. Comptes Rendus de l’Acadmie des Sciences-Series I-Mathematics, 333(3), 239-244 (2001)
[31] Kenyon, R.W., Wilson, D.B.: Boundary partitions in trees and dimers. Trans. Amer. Math. Soc.,
363(3), 13251364 (2011)
[32] Kenyon, R.W., Wilson, D.B.: Double-dimer pairings and skew Young diagrams. Electron. J. Com-
bin., 18(1), 130142 (2011)
[33] Peltola, E., Wu, H.: Crossing probabilities of multiple Ising interfaces. arXiv preprint
arXiv:1808.09438 (2018)
[34] Miller, J., Werner, W.: Connection probabilities for conformal loop ensembles. Communications
in Mathematical Physics, 362(2), 415-453 (2018)
[35] Ghodratipour, N., Rouhani, S.: The expectation value of the number of loops and the left-passage
probability in the double-dimer model. arXiv preprint arXiv:1805.03930 (2018)
[36] Hayn, R., Plechko, V.N.: Grassmann Variable Analysis for Dimer Problems in Two Dimensions.
J. Phys. A, 27(14), 4753-4760 (1994)
[37] Kenyon, R.: An introduction to the dimer model. In School and Conference on Probability Theory,
ICTP Lect. Notes, XVII, 267304 (2004)
[38] Fowler, R.H., Rushbrooke, G.S.: An attempt to extend the statistical theory of perfect solutions.
Trans. Faraday Soc. 33, 1272-1294 (1937)
[39] Kasteleyn, P.W.: The statistics of dimers on a lattice. I. The number of dimer arrangements on
a quadratic lattice. Physica (Amsterdam) 27, 1209-1225 (1961)
[40] Temperley, W., Fisher, M.: Dimer problem in statistical mechanics-an exact result. Philos. Mag.
(8)6, 1061-1063 (1961)
[41] Kasteleyn, P.W.: Dimer statistics and phase transitions. J. Math. Phys., 4, 287293 (1963)
[42] Fisher, M.E.: On the dimer solution of planar Ising models. J. Math. Phys., 7, 17761781 (1966)
14
[43] Kenyon, R., Miller, J., Sheffield, S., Wilson, D.B.: Six-vertex model and Schramm-Loewner evolu-
tion. Physical Review E 95(5), 052146 (2017)
[44] Baxter, R.J.: Exactly solved models in statistical mechanics. Academic Press, London (1982)
[45] Samuel, S.: The use of anticommuting variable integrals in statistical mechanics. I. The compu-
tation of partition functions. Journal of Mathematical Physics, 21(12), 2806-2814 (1980)
[46] Weisstein, E.W. ”Elliptic Integral.” From MathWorld–A Wolfram Web Resource.
http://mathworld.wolfram.com/EllipticIntegral.html
[47] Prudnikov, A.P., Brychkov, Yu.A., Marichev, O.I.: Integrals and Series, Vol. I: Elementary Func-
tions., Gordon and Breach, New York (1986)
[48] Stein, E.M., Shakarchi, R.: Complex Analysis. Princeton University Press (2003)
15
